Abstract. We prove that a class of weakly partially hyperbolic endomorphisms on T 2 are dynamically coherent and leaf conjugate to linear toral endomorphisms. Moreover, we give an example of a partially hyperbolic endomorphism on T 2 which does not admit a centre foliation.
Introduction
Partial hyperbolicity has been extensively studied as a mechanism for robust dynamical behaviour of diffeomorphisms. Weakly partially hyperbolic diffeomorphisms are particularly well understood in dimension 2, where a classification has been established. Compared to diffeomorphisms, the dynamics of non-invertible surface maps are less understood. In this paper, we study partially hyperbolic surface endomorphisms. We give a classification of a particular class of these maps up to leaf conjugacy. We also give an example from a different class which does not admit a centre foliation, showing that not all partially hyperbolic surface endomorphisms can be classified up to leaf conjugacy.
We begin by recalling the definition of partial hyperbolicity in the invertible setting. Let M be a compact connected manifold. A diffeomorphism f : M → M is (weakly) partially hyperbolic if there exists a splitting of the tangent bundle T M = E c ⊕ E u which is invariant under Df , and such that for all p ∈ M and all unit vectors v c ∈ E c (p) and v u ∈ E u (p), 1 < Df n v u and Df n v c < Df n v u .
In the non-invertible setting, it is more natural to define partial hyperbolicity in terms of cone families rather than an invariant splitting. A cone family C ⊂ T M consists of a closed convex cone C(p) ⊂ T p M at each point in p ∈ M . A cone family is Df -invariant if D p f (C(p)) is contained in the This work was partially funded by the Australian Research Council.
interior of C(f (p)) for all p ∈ M . A map f : M → M is a (weakly) partially hyperbolic endomorphism if it is a local diffeomorphism and it admits a cone family C u which is Df -invariant and such that 1 < Df v u for all v u ∈ C u . We call C u an unstable cone-family. This definition of partial hyperbolicity coincides with that for diffeomorphisms when f is invertible. In the non-invertible setting, admitting an unstable cone family is a robust property, whereas admitting an invariant splitting is not. Our focus is on surface endomorphisms, so let M be two-dimensional. It can be shown that an unstable cone-family implies the existence of a centre direction, that is, a continuous Df -invariant line field E c ⊂ T M [CP15, Section 2]. If we assume M is orientable, the existence of E c implies that M = T 2 . A problem that arises when classifying diffeomorphisms is whether or not there exists a foliation tangent to the centre direction. Even a onedimensional centre bundle does not necessarily integrate to a foliation. This is demonstrated in [RRU16] , where they present a partially hyperbolic diffeomorphism on T 3 which only admits an invariant centre branching foliation, a collection of immersed surfaces which cover the manifold and do not pairwise topologically cross. In our setting, we say a partially hyperbolic endomorphism of T 2 is dynamically coherent if there exists an f -invariant foliation tangent to E c .
Suppose that f, g : T 2 → T 2 are partially hyperbolic endomorphisms which are dynamically coherent. We say that f and g are leaf conjugate if there exists a homeomorphism h : T 2 → T 2 which takes centre leaves of f to centre leaves of g, and which satisfies
In [Pot15, Section 4A], it is proved that a partially hyperbolic diffeomorphism of T 2 is dynamically coherent. Further, it is known that any partially hyperbolic diffeomorphism of T 2 is leaf conjugate to a linear toral automorphism. This known classification is not precisely stated anywhere, but it is contained within Theorem A of this paper.
A partially hyperbolic endomorphism f :
There is a unique linear toral endomorphism A : T 2 → T 2 which induces the same homomorphism of f , and we call A the linearisation of f . One can show that A is one of three types based on the eigenvalues λ 1 and λ 2 of the matrix inducing A. We give these types the following names:
• if |λ 1 | < 1 < |λ 2 |, we say A is hyperbolic if, • if 1 < |λ 1 | ≤ |λ 2 |, we say A expanding, and • if 1 < |λ 1 | and |λ 2 | = 1, we say A is non-hyperbolic.
We will often relate the behaviour of f to that of A. If A is hyperbolic or expanding, then by the work of Franks [Fra70] , f is semiconjugated to A.
The linearisation of a diffeomorphism is necessarily hyperbolic, and the known classification can be stated in terms of the linearisation: a partially hyperbolic diffeomorphism on T 2 is dynamically coherent and leaf conjugate to its linearisation. We extend this classification to any partially hyperbolic endomorphism with hyperbolic linearisation.
Theorem A. Let f : T 2 → T 2 be a partially hyperbolic endomorphism, and suppose that its linearisation A is hyperbolic. Then f is dynamically coherent.
Theorem B. Let f : T 2 → T 2 be a partially hyperbolic endomorphism, and suppose that its linearisation A is hyperbolic. Then f is leaf conjugate to A.
We prove Theorems A and B by working on the universal cover R 2 . In this setting, some of the difficulties when working with non-invertible mapssuch as the inability to take preimages or the use of an unstable directionare alleviated.
In Section 2 we prove Theorem A using techniques similar to the invertible setting. We begin with an approximating foliation on the universal cover, and take large backward iterates under the lifted endomorphism. Using the hyperbolic linearisation, we show that the resulting limit is a centre foliation.
We establish Theorem B in Section 3 by taking an average of the Franks semiconjugacy along centre leaves to obtain a leaf conjugacy. This averaging technique was first used by Fuller [Ful65] , and an outline of how this method can be used to establish a leaf conjugacy for partially hyperbolic diffeomorphisms is given in [HP16, Section 8].
The techniques used to prove Theorems A and B are specific to endomorphisms with a hyperbolic linearisation. We show that in the case of a non-hyperbolic linearisation, incoherence is possible.
Theorem C. There exists a partially hyperbolic endomorphism f :
with non-hyperbolic linearisation that is dynamically incoherent.
Our example is inspired by the partially hyperbolic diffeomorphism of T 3 constructed in [RRU16] , where branching of centre curves occurs on an invariant 2-torus tangent to E s ⊕ E c . Similarly, our example has branching of centre curves occur on a circle tangent to E c . We give the construction of the incoherent endomorphism in Section 4. Theorem C shows that not all partially hyperbolic endomorphisms on T 2 can be classified up to leaf conjugacy. It also gives an example of a partially hyperbolic endomorphism on T 2 which exhibits interesting behaviour similar to a 3-dimensional diffeomorphism, but which is not possible for a 2-dimensional diffeomorphism.
Dynamical coherence
In this section we prove Theorem A. Let f 0 : T 2 → T 2 be a partially hyperbolic endomorphism and A 0 : T 2 → T 2 be its linearisation. Suppose that A 0 is hyperbolic in the sense defined in the introduction. Lift f 0 and A 0 to f : R 2 → R 2 and A : R 2 → R 2 . As f 0 and A 0 induce the same homomophism on π 1 (T 2 ), one can show that the lifted maps f and A are a finite distance apart. The map f is a diffeomorphism which admits a splitting E c ⊕ E u [MP75, Section 2]. The unstable direction E c integrates to a foliation F u of R 2 by lines, and this foliation does not necessarily descend to T 2 [Prz76, Section 2]. We will work on the universal cover to construct a centre foliation which descends to T 2 . Let A s be the foliation of R 2 whose leaves are the stable eigenlines of A, and similarly define A u .
Let E c 0 be the centre direction of f 0 on T 2 . To construct a centre foliation, we first approximate E c 0 by an ε-close smooth distribution E ε 0 which remains transverse to the unstable cone family. Since E ε 0 is smooth, it integrates to a foliation of T 2 . We can lift this foliaton to a foliation F ε of R 2 . Any foliation lifted from T 2 has leaves that are uniformly close to leaves of a foliation by lines (see Lemma 4.A.2 of [Pot15] ). For F ε , we can ensure this foliation of lines is not A u .
Lemma 2.1. The distribution E ε 0 can be chosen so that the resulting foliation F ε has leaves at a finite distance from a line L which is not in A u .
Proof. By Pugh's C 1 closing lemma, up to a small perturbation, we can choose E ε 0 to have a periodic orbit. Then F ε must have a leaf which descends to a circle in T 2 . This leaf then lies a finite distance from line of rational slope. One can show that since A hyperbolic, the lines of
The centre foliation is obtained by iterating F ε backward. For each n, define a foliation F n by setting F n (p) = f −n (F ε (f n (p))). The sequence of leaves F n (p) is a sequence of embedded copies of R through p whose tangent lines T F n (p) converge exponentially fast to the centre direction. An Arzela-Ascoli argument shows that F n (p) has a convergent subsequence in the compact-open topology. Further, the limit of this subsequence is an embedding of R through p tangent to E c . Any sequence of leaves in F n can have several subsequences which have a limit; we let F c be the collection of all such limits of all leaves. It follows from this definition that the collection is f -invariant. We will show that curves in F c are either disjoint or coincide, in turn implying that F c is a foliation. Since f is close to A and each leaf of F ε is close to a line L, we consider how A maps L. Let L n = A −n (L), and observe that L n approaches the stable eigenline of A for large n. We can use this to show that leaves of F n are close to L n . This allows us to establish that every leaf of F n lies close to L n .
Lemma 2.2. There exists R > 0 such that for all large n, each leaf of F n lies in an R neighbourhood of a translate of the line L n .
Proof. If X ⊂ R 2 is a subset, define the R-neighbourhood of X by U R (X) = {p ∈ R 2 : dist(p, X) < R}. Through basic linear algebra, one can show there exists 0 < α < 1 and N ∈ N such that
for all n > N and any R > 0. Consider n > N . If K 0 > 0 is the distance from f to A, then f −1 maps an R-neighbourhood of L n into an Rα + K 0 neighbourhood of L n+1 . Since α < 1, we can choose R large enough so that R > Rα + K 0 , so the result follows by induction.
Define π s : R 2 → R as a linear map whose kernel is the unstable eigenline of A and which maps the leaves of A s onto R. Similarly define π u : R 2 → R. As L n approaches L for large n, the preceding lemma implies that every curve of F c lies close to a line of A s . By invariance, all forward iterates of curves are close to lines of A s . This property can be stated in terms of π u .
Lemma 2.3. There is C > 0 such that for any curve L ∈ F c , the interval π u (f n (L)) ⊂ R has length at most C.
Since A is hyperbolic, we have the Franks semiconjugacy: the unique continuous surjective map H : R 2 → R 2 that commutes with deck transformations and satisfies
. It follows that H is a finite distance from the identity on R 2 .
Lemma 2.4. If p ∈ R 2 and q ∈ F u (p), then H(q) ∈ A u (H(p)).
Proof. As H descends to a map on T 2 , it is uniformly continuous. If q ∈ F u (p), then |f −n (p) − f −n (q)| → 0, which implies
Then we must have H(q) ∈ A u (H(p)).
As H is a finite distance from the identity, it then follows that leaves of F u lie close to lines of A u .
Corollary 2.5. There is D > 0 such that if L ∈ F u , then the interval π s (L) has length at most D.
Since the unstable and centre directions are transverse line fields on R 2 , we can say something about the structure between F c and F u .
Proof. Suppose that a curve in F c intersects a leaf of F u more than once. Since this curve of F c is transverse to F u , then by the Poincaré-Bendixson Theorem, F u must have a leaf which is a circle. As F u is a foliation consisting of lines, this is a contradiction.
In the setting of partially hyperbolic diffeomorphisms in dimension 3, if we lift a centre-stable branching foliation to the universal cover, it intersects an unstable leaf in at most one point. From this, one can prove a 'length versus volume' inequality for neighbourhoods of unstable leaves. Such an argument is given for example in [BBI04, Lemma 3.3] and [HP15, Lemma 5.5]. In our setting of endomorphisms in dimension 2, we show that similar results hold.
Lemma 2.7. There exist constants ε, η with 1 > ε > η > 0 such that if J u is an unstable segment of length 1 through a point p, then
• if q / ∈ J u is a point which satisfies |p − q| < η, then any complete centre curve through p intersects F u (q), and • any complete centre curve with endpoints on J u ∩ B η (p) and
is contained within B ε (p).
Proof. Descend to T 2 , where we have an unstable cone family C u is transverse to E c . Given a point p, we can find η > 0 such that if |p − q| > η, then any curve tangent to C u passing through p intersects any sufficiently long centre segment through q. Moreover, if η is small, this intersection is close to p and q with respect to distance along the curves. Compactness of T 2 allows us to conclude the result.
For an unstable segment J, recall that the unit neighbourhood of J is defined by U 1 (J) = {p ∈ R 2 : dist(p, J) < 1}. Then define U c 1 (J) as the set of all p ∈ U 1 (J) such that there is a curve L ∈ F c passing through p with L ∩ J = ∅. Proposition 2.8. There is K > 0 such that if J ⊂ R 2 is either an unstable segment or a centre segment, then volume(U 1 (J)) > K length(J).
Proof. We prove this for an unstable segment, the argument for a centre segment is similar. By the preceding lemma, there is δ > 0 such that U c 1 (J) > δ for any unstable segment J of length greater than 1. If length(J) > n, there are disjoints subcurves J 1 , ..., J n ⊂ J of length one. Proposition 2.6 states that a centre segment can intersect J u at most once, so the sets U c 1 , ..., U c n are pairwise disjoint. Then volume(U 1 (J)) > δn, so the claim follows.
The preceding proposition is a 'length versus volume' inequality. It implies that unstable segments must be large in the π u -direction.
Lemma 2.9. For any M > 0 there is ℓ > 0 such that any unstable segment J u of length greater than ℓ is such that the interval π u (J u ) has length greater than M . In particular, J u must admit points p and q such that
Proof. Let ℓ be a constant to be chosen later, and let J u be an unstable curve of length greater than ℓ. Let r be the length of the interval π u (f n (J u )). Corollary 2.5 states that J u is bounded in the π s direction, so
Then by Proposition 2.8,
Hence if M > 0, we can choose ℓ sufficiently large so that r > M .
We have shown that curves in F c and F u can intersect at most once, and that unstable leaves are unbounded in the π u direction. Both of these results can be strengthened.
Proposition 2.10. The unstable foliation has the following properties:
(1) Every leaf of F u intersects every curve of F c exactly once.
(2) For all M > 0, there is ℓ > 0 such that if J u is an unstable segment of length greater than ℓ, then its endpoints p and q satisfy
Proof. To prove these properties, we adapt the proofs of 4.11, 4.12 and 4.13 in [Ham13] . In fact, the proofs there apply to our current setting with the following modifications:
• the universal cover is R 2 instead of H, • we replace the centre-stable through a point p, denoted W cs (p), with any curve of F c which passes through p, • Proposition 3.1, Lemma 4.7 and Lemma 4.10 of [Ham13] are replaced by Proposition 2.6, Lemma 2.9, Lemma 2.3 of the current paper, respectively. Now suppose we have two curves in F c which intersect. As we iterate these curves forward, both curves remain close in the π u direction. This contradicts that an unstable segment between the curves will grow large in the π u direction.
Proposition 2.11. Curves in F c are either disjoint or coincide.
Proof. Suppose there exist two distinct curves L 1 , L 2 ∈ F c which pass through the same point p ∈ R 2 . Consider the intervals π u f n (L 1 ) and π u f n (L 2 ). Since both of these intervals contain π u f n (p), their union is an interval, and Lemma 2.3 implies that the length of this interval is at most 2C. In particular, if q 1 ∈ L 1 and q 2 ∈ L 2 are points connected by an unstable segment, then |π u f n (q 1 ) − π u f n (q 2 )| is bounded. This contradicts the second property of Proposition 2.10.
We can now conclude that f is dynamically coherent.
Proof of Theorem A. By Proposition 2.11, the collection F c gives a partition of T 2 . These curves are tangent to E c , so F c is a foliation by Remark 1.10 in [BW05] . This foliation is tangent to the centre direction and f -invariant. One can show that foliation is invariant under deck transformations, so F c descends to the desired foliation on T 2 .
We say that two foliations F, G of R 2 have global product structure if each leaf of F intersects every leaf of G precisely once.
Proposition 2.12. The foliations F c and F u have global product structure.
Proof. This follows immediately from the first claim of Proposition 2.10.
Leaf conjugacy
Having shown dynamical coherence, we now construct a leaf conjugacy to prove Theorem B. We retain the notation from section 2. Recall that H is the Franks semiconjugacy, and define the associated functions H s , H u :
The leaf conjugacy will be constructed by an averaging of the semiconjugacy H along centre leaves. We first need to establish properties of the foliations F u , F c and the semiconjugacy H.
Proposition 3.1. The restriction of H u to a leaf of F u is a homeomorphism to R.
Proof. For L ∈ F u , let p and q be points in L. If H u (p) = H u (q), then as H is a semiconjugacy, H u f n (q) = H u f n (p). Thus |π u f n (p) − π u f n (q)| is bounded for all n, which is contradicted by Lemma 2.9. Hence H u is injective. Lemma 2.4 implies that H s (L) is a point. By using this and the fact that H is a finite distance from the identity, one can show that H u must be surjective. Now we can show that H gives a bijection between leaves of F c and those of A s .
Proof. We first prove the forward implication. Suppose that there exist points p, q ∈ R 2 such that q ∈ F c (p) but H(q) / ∈ A s (H(p)). Since H(p) and H(q) lie in different lines of A s , then sup n |π u A n (Hp) − π u A n (Hq)| = ∞. As H is a semiconjugacy which is a finite distance from the identity,
However p and q lie in the same centre leaf. By Lemma 2.3 this implies that
giving a contradiction. Now suppose that the converse does not hold. Then H must map two distinct leaves of F c to the same line in A s . Then by global product structure, there are points p, q ∈ R 2 such that q ∈ F u (p) but H u (q) = H u (p). This contradicts that the restriction of H u to F u (p) is a homeomorphism.
Similar to how long unstable segments are large the π u -direction, long centre segments must be large in the π s -direction.
Lemma 3.3. There is T > 0 such that if J c is a centre leaf segment of length T then the endpoints p and q satisfy
Proof. The centre foliation on R 2 quotients down to a foliation on T 2 which is equivalent to the suspension of a circle map with irrational rotation number.
We now use the averaging method as described in [HP16, Section 8] to create a leaf conjugacy h on R 2 . We begin by defining h on a given centre leaf L ∈ F c . Let α : R → R 2 be an arc length parametrisation of L. For p ∈ L, let s = α −1 (p). Let T be as in Lemma 3.3 and define h(p) as the unique point in H(L) which satisfies
One can show that h(p) is independent of the choice of parametrisation.
Proof. By the fundamental theorem of calculus we have
where the final inequality uses Lemma 3.3. The result follows.
By defining h on every leaf of F c , we obtain a map h : R 2 → R 2 . This map is the desired leaf conjugacy.
Proof of Theorem B. By our construction, h : R 2 → R 2 is a bijection which takes leaves of F c to leaves of A s and satisfies h(f (L)) = A(h(L)) for L ∈ F c . By Lemma 3.4, h is continuous when restricted to a leaf of F c , and by continuity of the semiconjugacy H and the foliation F c , h is continuous on all of R 2 . Since H is surjective, as is h, so by the invariance of domain theorem, h is a homeomorphism. Hence h is a leaf conjugacy from f to A on R 2 . One can show that h descends to the desired leaf conjugacy on T 2 .
Incoherent example
When the linearisation of f is not hyperbolic, then f is not necessarily dynamically coherent. We construct an example of a partially hyperbolic endomorphism with non-hyperbolic linearisation which does not admit a centre foliation, proving Theorem C. This construction is inspired by the incoherent partially hyperbolic diffeomorphism on T 3 in [RRU16] . Consider a Morse-Smale diffeomorphism Ψ : S 1 → S 1 with fixed points at 0 and
Observe that the expansion of Ψ is stronger than the doubling map on the circle at 1 2 but weaker at 0. The incoherent example is an explicit deformation of g. Define f :
f (x, y) = (2x + cos(2πy) + 1, Ψ(y)).
We will show that f is partially hyperbolic by showing that it admits an invariant partially hyperbolic splitting E u ⊕ E c . We seek a semiconjugacy h : T 2 → S 1 so that h • f = 2h. The preimage of points in S 1 under h will be centre curves of f . If we seek h in the form h(x, y) = x − u(y) for some function u : S 1 → R, then u must satisfy The function β is not well-defined at 0, but is well defined and C 1 on S 1 \{0}. The function γ is well-defined and continuous on all of S 1 and is C 1 on S 1 \{1/2}.
The preceding lemma can be proved by bounding the series and their termwise derivatives by geometric series using the conditions on Ψ ′ at 0 and 1/2.
We now define subbundles E c , E u ⊂ T T 2 . Let
• E u (x, y) be spanned by (β ′ (y), 1) for y = 0, and by (1, 0) for y = 0,
• E c (x, y) be spanned by (γ ′ (y), 1) for y = 1 2 , and by (1, 0) for y = 1 2 . We will show that these define an invariant partially hyperbolic splitting.
Lemma 4.2. The bundles E u and E c are continuous.
Proof. By Lemma 4.1, the bundles E c and E u are continuous on S except for the circles y = π and y = 0 respectively. In [RRU16] (see the proof of 
